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[1] Volcanic explosions or shallow earthquakes are known to trigger acoustic and gravity
waves that propagate in the atmosphere at infrasonic speeds. At ionospheric heights,
coupling between neutral particles and free electrons induces variations of electron density
detectable with dual-frequency Global Positioning System (GPS) measurements. Using
GPS data collected in the Caribbean, we identified an ionospheric perturbation after a
major volcanic explosion at the Soufrière Hills Volcano (Montserrat, Lesser Antilles) on
13 July 2003. Spectral analysis reveals peaks centered at 1 and 4 mHz, similar to those in
previous observations and consistent with theory, suggesting both gravity and acoustic
wave components. We retrieve a horizontal velocity of �624 m/s for the acoustic
component, which implies upward propagation at �33�, consistent with ray-tracing
results. We model the acoustic wave using an N-wave pressure source at ground level
combined with ray tracing to propagate the neutral pressure wave; this accounts for the
dispersive characteristics of the atmosphere while conserving total acoustic energy. Plasma
velocity is derived from neutral velocity using a finite difference solution of the
magnetohydrodynamic momentum equation. The continuity equation for charge densities
is used to compute corresponding electron density variations, which are then numerically
integrated along satellite-to-receiver line of sights, simultaneously accounting for the
satellite displacements. We minimize the misfit between observed and model waveforms
to estimate a total acoustic energy release of 1.53 � 1010 J for the primary explosion
event at Soufrière Hills Volcano associated with the peak dome collapse. This method
can be applied to any explosion of sufficient magnitude, provided GPS data are
available at near to medium range from the source.
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1. Introduction

[2] Subsurface and atmospheric explosions, large volca-
nic eruptions, strong earthquakes, and rocket launches have
been shown to generate atmospheric infrasonic acoustic and
gravity waves, which can propagate over great distances.
For instance, Yamamoto [1956] describes atmospheric pres-
sure oscillations at ground level in Japan caused by a
hydrogen bomb detonation in the Marshall island about
4,000 km away. Widmer and Zürn [1992] and Zürn and
Widmer [1996] show long-period atmospheric pressure

oscillations triggered by the Pinatubo (Philippines) and El
Chichon (Mexico) volcanic explosions recorded 9,000 and
3,000 km away.
[3] As these perturbations propagate upward, they even-

tually reach the ionospheric layers, where neutral particle
flow couples with ionized plasma, inducing fluctuations of
the ionospheric electron density [e.g., Yeh and Liu, 1972].
Because density decreases (quasi-exponentially) with alti-
tude energy conservation implies that the perturbation
amplitude increases by a factor of �104 at ionospheric
heights for a near-surface source. The resulting electron
density perturbation may therefore become detectable using
ground- or space-based observations [Blanc, 1985].
[4] The Global Positioning System (GPS) provides a

straightforward way of measuring electron density and its
variations because the differential signal delay of its two
carrier frequencies is proportional to the path integral of the
electron density (or Total Electron Content = TEC) from
GPS satellites to receiving stations [Klobuchar, 1985]. GPS-
derived TEC measurements have been used to detect and
quantify ionospheric perturbations caused by explosions
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and earthquakes. For instance, Fitzgerald [1997] describes
the TEC perturbation caused by the 8.5 � 1012 J Minor
Uncle blast in 1993 and shows that the source is well
matched by an ‘‘N-wave’’ pulse. Calais et al. [1998]
describe the TEC perturbation caused by a 6.3 � 1012 J
mining explosion and models its propagation using a ray-
tracing technique. Volcanic explosions are also powerful
sources that can trigger TEC perturbations. Before the
advent of GPS, Roberts et al. [1982] reported ionospheric
perturbations caused by the 1980 eruption of Mount St.
Helens using integrated electron content data from ATS
satellites. More recently, Heki [2006] used GPS-derived
TEC from the Japanese Geonet GPS network to quantify
the explosion energy of the Asama volcano explosion of
1 September 2004.
[5] Here, we use GPS data to quantify the atmospheric

perturbation caused by the 13 July 2003, primary explosion
of the Soufrière Hills volcano on Montserrat (Lesser Antil-
les) associated with the peak lava dome collapse [Herd et
al., 2005]. We model the resulting acoustic wave using ray

tracing and estimate the explosion acoustic energy. In
particular, we show that the long wave train observed at
near-field stations requires that the dispersion characteristics
of the acoustic pulse be included in the model.

2. Data

[6] The Soufrière Hills Volcano (SHV) on Montserrat,
located between Guadeloupe and Antigua in the Lesser
Antilles (Figure 1), erupted on 13 July 2003 with an explo-
sive lava dome collapse (Figure 2). A detailed description of
the sequence of events, which eventually culminated in the
0.210 km3 volcanic dome collapse and associated explosion
at 3:35 UTC can be found in the study of Herd et al. [2005].
At the time, Montserrat was instrumented with GPS stations
as part of the Caribbean Andesite Lava Island Precision
Seismo-geodetic Observatory (CALIPSO [Mattioli et al.,
2004]). Additionally, data from permanent GPS sites
throughout the Caribbean were also available, for a total

Figure 1. Map of the northeastern Caribbean showing the GPS sites used in this study (triangles).
Dotted lines show the subionospheric point (SIP) traces for GPS satellites PRN27 and 31. Black circles
mark the SIP of the satellites visible at the time of the explosion (with corresponding UT time indicated).
Thin solid lines labeled from 0 to 1 are the contours of a proxy for the coupling efficiency between the
neutral pressure wave and the ionospheric electron density variation (explanations in text). Note that only
PRN27 and PRN31 are in areas of high coupling after the explosion.

B02202 DAUTERMANN ET AL.: SOUFRIÈRE HILLS EXPLOSION TEST
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of 9 sites within 600 km of Montserrat, all operating at a
sampling rate of Ts = 30 s.
[7] The differential delay between the GPS phase observ-

ables F1 and F2 on the two GPS frequencies f1 = 1575.42
MHz and f2 = 1227.6 MHz is proportional to the path
integral of electron density N(~r) along the propagation path
of the GPS signal, also called Total Electron Content or
TEC [e.g., Klobuchar, 1985]:

TEC ¼
ZSatellite

Receiver

N ~rð Þd~r ð1Þ

[8] TEC is commonly measured in TECU (1 TECU =
1016 electrons/m2) and calculated from the GPS observables
using

TEC ¼ F2 �
f2

f1
F1 þ nþ f2 br þ bsð Þ

� �
f 21 f2

f 21 � f 22

cl

A
ð2Þ

with A = 40.3 m3s�2 and cl is the speed of light [e.g.,
Manucci et al., 1993]. n is a constant offset for each orbital
arc caused by the initial lock onto the signal (phase
ambiguities). br and bs are code delays specific to receiver
and satellite hardware, respectively. These biases can be
estimated from the data [Sardon et al., 1994;Mazzella et al.,
2002] but will not be considered in the present analysis
since we are interested in temporal variations of TEC rather
than absolute TEC.
[9] We apply this straightforward calculation to dual-

frequency GPS data from the 9 GPS sites available in the
Caribbean at the time of the explosion (Figure 1) and map
the TEC to the vertical in order to account for the different
path lengths of the signal through the ionosphere as the
satellite elevation changes. Each TEC measurement is
associated with a subionospheric point (SIP), defined as
the ground projection of the intersection between the

receiver-satellite line of sight and the peak electron density
height (325 km).
[10] Figure 3a shows the unfiltered TEC time series

derived at site MVO1 for satellite PRN27 on 13 July
2003, with the same analysis for 12 July shown for
comparison (no data was recorded at MVO1 on 14 July
because of the power outage caused by the eruption).
Distinct oscillations with a period of about 12 min (fre-
quency 1.4 mHz) and amplitude of �2 TECU are visible in
the data, starting at 3:55 UTC (18 min after the explosion)
and lasting for about 40 min. A spectral analysis of the TEC
time series shows two peaks present on 13 July, but not on
12 July (Figure 3b). The larger amplitude one is centered at
1.4 mHz (see above), in the frequency range of gravity
waves. A second one, of lower amplitude, is centered
around 4 mHz, in the frequency range of acoustic waves.
Spectral components of TEC data from 15 July are consis-
tent with those from 12 July. Since ionospheric perturba-
tions can be caused by enhanced solar activity and magnetic
storms, we verified that geomagnetic indices from the U.S.
National Geophysical Data Center (http://spidr.ngdc.noaa.
gov, indices Dst and Ap) show no significant magnetic or
solar flux disturbance on 13 July 2003.
[11] Data from a total of 7 satellites were available at the

time of the primary SHV explosion at 3:35 UT, but we
found a significant TEC perturbation on data from satellites
27 and 31 only, both located to the north of the explosion
site (Figure 1). Direction sensitivity of TEC measurements
has been previously reported [Calais et al., 1998; Heki and
Ping, 2005] and is likely due to the fact that charged
particles in the F region move preferentially along magnetic
field lines. The electron velocity follows approximately v =
vncos(a), where vn is the neutral velocity and a the angle
between the propagation direction of the acoustic perturba-
tion and the magnetic field lines from Georges and Hooke
[1970]. We computed ‘‘coupling coefficients’’ cos(a) = ~v~B

j~vj j~Bj
using magnetic field vectors ~B from the International Geo-
magnetic Reference Field IGRF-10 [Maus and Macmillan,

Figure 2. Abbreviated sequence of the SHV eruption following Herd et al. [2005]. The two pictures
show the SHV dome in May 2003 before the dome collapse and in August 2003 after the dome collapse
due, for the most part, to the 13–15 July explosions. According to Mattioli et al. [2007], the pyroclastic
flows generated by dome collapse events of 12 and 13 July caused a small tsunami recorded on
Montserrat by bore hole sensors and through direct observation on Guadeloupe.
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2005] and theoretical acoustic wave propagation direction
~v/j~vj from a ray-tracing model (using directions from 180
rays, see section 3.1) as the rays pierce through 325 km
height (peak electron density). Figure 1 shows that the area
of maximum coupling is located northwest of Montserrat,
where SIPs corresponding to satellites 27 and 31 are located
in the hours following the SHV explosion. Other satellites
were visible at the same time, but located in sky quadrants
where coupling efficiency between neutral perturbations
and electron density changes is predicted to be low.

[12] In order to isolate the acoustic component of the TEC
perturbation, we applied a zero-phase 4th-order Butterworth
band-pass filter with cutoffs at 2.2 mHz (acoustic cutoff
frequency) and 8 mHz (half the Nyquist frequency given the
GPS sampling rate of 30 sec). The acoustic perturbation is
visible on all time series for satellites 27 and 31 (Figure 4),
starting about 15 minutes after the explosion at the closest
SIPs (Guadeloupe). This is consistent with the 13 min
theoretical propagation time of an acoustic perturbation
from ground level straight up to the peak electron density at
325 km. Arrival times increase with distance to Montserrat,

Figure 3. (a) Unfiltered TEC time series recorded along the line of sight from station MVO1 on
Montserrat and satellite PRN27 for 13 July 2003 (day of the explosion, in blue) and 1 day earlier (in red).
The long wavelength trend is the diurnal effect due to solar activity (local time is UTC-4). TEC
perturbations are visible on 13 July starting around 4 UT. (b) Power spectrum of two distinct frequency
components centered on 1.4 and 4.0 mHz are present on 13 July.
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Figure 4
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5 of 15

B02202



illustrating outward propagation of the perturbation. The
observed wave train lasts for about 1.5 hours at the closest
SIPs with waveforms well correlated among groups of
neighboring stations but more complex than the single N-
shaped pulse observed by Heki [2006] or Fitzgerald [1997]
for other volcanic explosions. At larger distances (e.g.,
Puerto Rico in Figure 4, top and bottom), the perturbation
amplitude decreases and its duration appears to shorten,
which likely results from signal attenuation below the
background noise level. To test this, we computed the noise
level as the variance of the TEC signal in the absence of a
perturbation (using data from 12 July). We find that the
signal-to-noise ratio decreases from 5 at the closest stations
to the explosion to 1.2 at the farthest ones (Figure 4), thus
resulting in TEC perturbation indistinguishable from back-
ground noise at sites located more than 500 km from the

explosion (e.g., western Puerto Rico, Dominican Republic,
and Florida, where continuous GPS sites show no detectable
perturbation).
[13] Figure 5 shows the amplitude of the acoustic pertur-

bation in a ‘‘true’’ time-distance diagram, i.e., accounting for
the time dependence of the geometry of the SIPs. Again, the
perturbation appears clearly between 04:00 and 05:00 UT,
with multiple oscillatory pulses. These waveforms are well
correlated and aligned along straight lines that define an
average apparent propagation velocity of 582 ± 60 m/s for
PRN27 and 660 ± 61 m/s for PRN31. We also computed
the propagation velocity using a ‘‘slant-stack’’ technique
[e.g., Calais et al., 2003], which estimates the optimal
moveout velocity by maximizing the signal-to-noise ratio
of time-shifted TEC time series. We find similar horizontal

Figure 4. TEC traces for all sites and satellite (top) PRN27 and (bottom) PRN31 filtered between 2.2 and 8 mHz. Sites are
sorted by distance of the SIP to the SHVat explosion time. The distance from the SIP to the SHVat the approximate arrival
time is indicated in kilometers underneath each trace. If the satellite was not visible at 3.35 UT (shown as a vertical dotted
line), distance is taken from the location of the first SIP. The acoustic perturbation commences after the explosion and is
clearly distinguishable from the noise (s = 0.025 TECU) before the explosion.

Figure 5. Filtered TEC traces shown in actual time-distance frame, i.e., accounting for the variable SIP-
source distance as the satellite moves along its orbit.
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propagation velocity values of 616 m/s and 631 m/s for
PRN27 and PRN31 respectively (Figure 6).
[14] TEC measurements are integrated over satellite to

ground receiver line of sights, thus they provide no vertical
resolution. They are, however, mostly sensitive to perturba-
tions at the maximum electron density in the F2 layer
(325 km height, from the International Reference Iono-
sphere [Bilitza, 2001]). Sound speed at that altitude is
735 m/s (MSIS-E-90 Atmosphere Model [Hedin, 1987,
1991]); accordingly the difference between the observed
(horizontal) propagation velocity implies a vertical propa-
gation component at an elevation angle of approximately
33 degrees (cos�1(616/735) 	 33� for PRN27 and
cos�1(631/735) 	 33� for PRN31). Our ray-tracing propa-
gation model (described below, see Figure 8, left) shows a
takeoff angle of 30� at a distance of about 250 km from the
source (average distance used in the slant-stack mentioned
above), consistent with this simple estimate.
[15] To further illustrate the propagation of the acoustic

perturbation while maximizing signal-to-noise ratio, we
stacked the TEC time series using clusters of sites. We
computed the associated spectrograms (Figure 7) using a
Hamming window width of 30 min and 29 min overlap
between consecutive windows. All spectrograms show two
energy peaks at �1 mHz and �4 mHz, as previously
identified on individual time series (Figure 3b). The acous-

tic perturbation after the explosion is visible at 4 mHz, with
an arrival time that increases with distance from Montserrat.
The 4 mHz peak found here in the TEC perturbation is
consistent with previous observations of explosion-induced
acoustic perturbations [e.g., Kanamori and Mori, 1992;
Delclos et al., 1990]. In addition, time series spectrograms
(Figure 7) show higher frequencies arriving shortly after the
explosion and lower frequencies persisting for a longer time
until finally trailing off. This is particularly visible at short
distances from the source (Figure 7, middle and top) and
illustrates the dispersive nature of the acoustic perturbation.
A similar observation was made by Calais et al. [1998]
using GPS TEC after large mine blasts, but was left
unexplained.
[16] In summary, the ionospheric perturbation described

above has arrival times, frequency content, propagation
speed, and dispersive waveform characteristics that are
consistent with it being triggered by the primary SHV
explosion of 13 July 2003. Unfortunately, the lava dome
collapse, the large explosion and pyroclastic flows knocked
out major parts of the GPS equipment and power supply on
the island, therefore the data following the first explosion is
even more sparse. A preliminary search has not shown any
significant ionospheric TEC perturbation after the subse-
quent explosions (Figure 2) in data from the permanent sites
on Puerto Rico. Additionally, because of satellite geometry,
the coverage in the maximum coupling area was rather poor.
[17] In the following sections, we will further quantify

and test this hypothesis by modeling the acoustic wave
propagation using a ray-tracing technique combined with a
simplified dispersion model.

3. Modeling

[18] To model the TEC perturbation created by the
acoustic wave caused by the explosive eruption of the
SHV, we proceed through a series of steps.
[19] 1. We first perform acoustic ray tracing in a hori-

zontally stratified atmosphere model (MSIS-E-90). This
computation yields the path of acoustic waves and their
arrival times at each point along this path.
[20] 2. Starting with a given velocity source function, we

compute its time evolution along each ray using a disper-
sion relation for acoustic atmospheric waves. We calculate
the signal amplitude at each point on the ray assuming
energy conservation. We vary the rate of dispersion b and a
source amplitude scaling factor C as input parameters to
find the best fit to the recorded data.
[21] 3. Once the raypaths and signal amplitude are

obtained, we compute, at each epoch and for each satel-
lite-receiver pair, the intersection of each ray with the
satellite-receiver line of sight (LoS).
[22] 4. At each intersection, we compute electron density

perturbations from the neutral particle velocity using from
the momentum equation of magnetohydrodynamics (colli-
sion interaction) and the continuity equation for charges.
[23] 5. We then integrate these perturbations along each

LoS using the trapezoid rule to obtain a synthetic TEC
value.
[24] 6. The synthetic TEC is finally filtered within the

same frequency band as the observed TEC to compare with
the acoustic part of the observed TEC perturbation.

Figure 6. Results of the slant-stack procedure. The
apparent horizontal velocity of the TEC perturbation is
612 m/s for PRN27 and 638 m/s for PRN31.
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3.1. Raytracing

[25] We assume that the explosion can treated, to first
order, as a point source located at the center of SHV dome,
generating a pressure perturbation that propagates vertically
and laterally. We simulate the pressure wave by a set of 180
rays launched at takeoff angles from 0� to 90� [e.g.,
Brokešová, 2006; Virieux,1996]. Raypaths depend on the
atmospheric refractive index, which is proportional to sound
speed. Here we used the MSIS-E-90 atmospheric model
(Figure 8, blue line [see also Hedin, 1987, 1991]) with a
solar flux of 130.7 Wm�2Hz�1 and an Ap index of 12 (from
http://spidr.ngdc.noaa.gov) at the time and location of the
SHV explosion. We trace the acoustic perturbation to a
distance and an altitude of 1000 km from the source. At
each point of the ray, we obtain the propagation direction
and arrival time of the acoustic perturbation.
[26] Conservation of energy and geometric spreading

dictate the evolution of the perturbation amplitude along
the ray. From the transport equation, amplitude outside of

caustics changes between two points ~rI and ~s0 along the
ray as

A ~rIð Þ ¼ A ~s0ð Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r ~s0ð Þcs ~s0ð ÞJ ~s0ð Þ
r ~rIð Þcs ~rIð ÞJ ~rIð Þ

s
ð3Þ

where r and cs are density and sound speed, respectively.
J is the ray Jacobian, whose square root

ffiffiffi
J

p
describes

geometric spreading, i.e., variation of the distance
between adjacent rays [see details for instance in the
study of Brokešová, 2006]. We can ignore caustics
because they all occur below the ionosphere, as shown
in Figure 8 and therefore have negligible impact on TEC.
We choose point ~s0 in close proximity to the source (ray
position 0.1 s after the explosion). Point ~rI is always
located at the intersection between a ray and a satellite-
receiver line of sight. We will treat amplitude A(~s0) as an
adjustable parameter to match the data.

Figure 7. Spectrograms of TEC traces stacked by groups of neighboring GPS stations: top = HERM,
SOUF, and MVO1 on Montserrat, middle = CRO1 on St. Croix, and bottom = UPRR and UPRH on
Puerto Rico. Left spectrograms correspond to satellite PRN27; right, to PRN31. The vertical dotted line
indicates the SHV explosion time. The moveout and fade-out of the perturbation at 	4 mHz is visible.
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[27] The ray amplitude is then convolved with a source
function. Following Fitzgerald [1997], Calais et al. [1998]
and Afraimovich et al. [2001], we choose to describe the
source as a time-dependent velocity perturbation v(t) that
follows an ‘‘N-wave’’ shape (first derivative of a Gaussian):

v tð Þ ¼
ffiffiffi
2

p

s3=2p1=4
t � t0ð Þe�

t�t0ð Þ2
s2 ð4Þ

where t0 is time of maximum displacement and s2

describes the width, or variance, of the pulse. We
normalize

R
v2(t)dt = C2 and use C to scale A(~s0) and

match our TEC observations.

3.2. Dispersion

[28] We use the following atmospheric dispersion
relation:

w ¼ 1

2
x2c2s �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x4c4s
4

� k2xw2
g

s2
4

3
5

1
2

ð5Þ

with

x2 ¼ k2z þ k2x þ
w2
a

c2s
ð6Þ

and the + sign corresponding to acoustic waves. This
relation is valid for a slowly varying atmosphere where the
temperature gradient does not exceed 7 K/m [Beer, 1974].
The maximum temperature gradient in the atmosphere
model used here is 0.0152 K/m, well below this boundary.
[29] For a nonisothermal atmosphere with a temperature

profile T = T(z), adiabatic constant g(z) = Cp/Cv gravita-

tional acceleration g(z) and sound speed profile cs(z), the
acoustic cutoff frequency wa is given by

wa ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gg
2cs

� �2

þ g
2

g

T

@T

@z

s
ð7Þ

and the Brunt-Vaisala frequency wg by

wg ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g � 1ð Þg2

c2s
þ g

T

@T

@z

s
ð8Þ

The Nyquist frequency for the GPS data used here, sampled
at Ts = 30 s, is fN = (2Ts)

�1 = 16 mHz. To avoid aliasing, we
are limited to half the Nyquist frequency, or 8 mHz,
corresponding to an average wave number k:

k 	 1

l
¼ f

�cs
¼ 1:23� 10�5 m�1 � 1 ð9Þ

where we have used the average sound speed of our
atmosphere profile, �cs = 651.52 m/s. Since k is small, we
expand the dispersion relation (equation (5)) into a second-
order Taylor series in kx and kz around kx = kz = 0:

w ¼ wa þ
1

2
bzk

2
z þ

1

2
bxk

2
x ð10Þ

with

bz ¼
c2s
wa

ð11Þ

Figure 8. Ray-tracing model. (left) Raypaths (gray lines) computed for the MSIS-E-90 atmosphere
profile. The source is at (0, 0). Black triangles show the location of the GPS stations used here. Green and
red lines show the lines of sight for satellites PRN27 and PRN31, respectively. Given the altitude of the
GPS satellites (about 20,200 km), line of sight from any GPS station would be parallel to the ones shown
here. Thick solid black lines show contour of equal arrival time. (right) Sound speed (blue) and electron
density (black) profiles used in the model. Sound speed is obtained from MSIS-E-90 and electron density
from International Reference Ionosphere [Bilitza, 2001] for 13 July 2003 at Montserrat.

B02202 DAUTERMANN ET AL.: SOUFRIÈRE HILLS EXPLOSION TEST
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and

bx ¼
c2s �

w2
g

w2
a

wa

ð12Þ

Since (wg/wa)
2 � 1, we set bz = bx and k2 = kz

2 + kx
2, so that

equation (10) reduces to

w kð Þ ¼ wa þ
1

2
bxk

2 ð13Þ

We insert this dispersion relation (equation (13)) into the
Fourier integral of the displacement s(t) given by

s x; tð Þ ¼
Z1
�1

a kð Þe�i kx�w kð Þtð Þdk ð14Þ

Velocity can obviously be derived from displacement s at
any location x and time t using v(x, t) = ds(x, t)/dt. s(x, t) is
taken as a Gaussian pulse (see above) so that the amplitude
distribution a(k) in k space is

a kð Þ ¼ A
1ffiffiffiffiffiffiffiffiffiffi
4ps2

k

q e
� k�k0ð Þ2

2sk ð15Þ

The pulse hence broadens as a function of time as a result of
dispersion. We calculate the time dependency of the pulse
width in space using its variance:

s2 ¼
Z1
�1

x� mð Þ2js x� m; tð Þjdx ð16Þ

which leads to the standard deviation

s ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p1=2A2

4s3
k|fflfflffl{zfflfflffl}

a

þ 3A2p
1
2k20b

2
z

4sk|fflfflfflfflfflffl{zfflfflfflfflfflffl}
b

t2

vuuuut ð17Þ

which is of the form

s ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aþ bt2

p
: ð18Þ

Parameter a is the initial standard deviation of the source
function at t = 0, while b parameterizes the broadening of
the pulse as the acoustic wave propagates.
[30] When the pulse propagates past a given location ~x

while it is spreading, the resulting time series shows a steep
increase followed by a gradual return to equilibrium.
Inserting s(tarrival + t) into equation (4) accurately describes
the spread of s(t) at a given location ~x, where tarrival is the
arrival time at that location. There is a tradeoff between
parameters a and b since a long-pulse duration at the source
and a small spread rate will have the same effect as a short
pulse and a large spread rate. From infrasonic observations
(e.g., Johnson [2003] for an overview), we know that
pressure waves detected close to volcanic explosions have

a duration of about 1 s or less. To minimize computation
time we choose a to be one second and adjust parameters b
(dispersion) and C (amplitude scaling) to match the data.
[31] We now have the shape and amplitude of the

synthetic waveform at the intersection between rays and
satellite-receiver line of sights and can proceed to calculate
the electron density perturbation caused by the neutral
pressure wave.

3.3. Electron Density Perturbation

[32] We compute electron density perturbations assuming
that ionospheric charged particles follow the motion of neutral
gas through collision interaction [Davies and Archambeau,
1998]. The interaction can be described by the Navier-
Stokes equation of magnetohydrodynamics [Boyd and
Sanderson, 2003]:

re
d~ve
dt

¼ �rpþ re~g þ Ne ~E þ~ve �~B
� �

� renen ~ve �~uð Þ ð19Þ

The electron velocity~ve is obtained by solving equation (19)
using a finite difference scheme, with the neutral particle
velocity ~u as input. Additional parameters in the equation
are the hydrostatic pressure gradient rp (assumed to be
nonzero in the z direction only), specific gravity g(z),
electron mass density re, electron number density N,
electron charge e, Earth’s magnetic field B and the
neutral-electron collision frequency ven. We neglect the
electric force e ~E, since the electric field is small in
the ionosphere (	10�8 Vm�1, Reid [1965]) and the
dynamics are largely governed by the magnetic field. All
the other parameters are either physical constants or can be
obtained from external models, described below after the
coupling procedure.
[33] Assuming that the total charge remains constant, the

continuity equations is

@N

@t
þr � N~veð Þ ¼ 0 ð20Þ

Integrating over time on both sides while assuming that
electron density is horizontally stratified yields the pertur-
bation dN to the ambient electron density N at the position~rI
(intersection point between satellite-receiver line of sight
and acoustic ray):

dN ~rI ; tð Þ ¼ � @N

@z

Z t

tarrival

ve;z ~rI ; t̂ð Þdt̂ � N zð Þ
Z t

tarrival

r �~ve rI ; t̂ð Þdt̂

ð21Þ

where we have assumed that electron density perturbations
are small so that the @N/@z and N(z) terms can be taken
outside the integral. We compute the electron density
perturbation (equation (21)) from time tarrival when the
perturbation reaches the point ~rI to the time of the TEC
observation t.
[34] We use magnetic field vectors ~B from the Interna-

tional Geomagnetic Reference Field IGRF-10 ([Maus and
Macmillan, 2005] http://www.ngdc.noaa.gov/seg/geomag/
magfield.shtml) The initial electron distribution N is taken
from the International Reference Ionosphere [Bilitza, 2001]
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for the coordinates and explosion time of the SHVon 13 July
2003 (Figure 8, right, black line). The electron density
distribution is assumed to be constant in north-south and
east-west direction and variable with altitude, N = N(z).
[35] For collisions we only consider the most abundant

neutral gasses at ionospheric altitudes, neutral oxygen O
and molecular nitrogen N2 [see Kelley, 1992, Figure 1.2].
We compute neutral atmosphere-electron collision frequen-
cies nen based on the equations given by Schunk and Nagy
[1980; Table 3]:

nen ¼ NO8:9 � 10�11 1þ 5:7 � 10�4Te
� �

T1=2
e þ NN2

2:33

� 10�11 1� 1:21 � 10�4Te
� �

Te ð22Þ

with the electron temperature Te as provided from Interna-
tional Reference Ionosphere, the number densities for
neutral oxygen NO and molecular nitrogen NN2 from the
aforementioned MSIS-E-90 atmosphere profile.
[36] Once electron density perturbations are computed at

every intersection j between acoustic rays and satellite-
receiver line of sights, we integrate the electron density
perturbations d Nj, j = 1, . . ., n using the trapezoid rule:

TEC ¼
Xn
j¼1

1

2
ljþ1 � lj
� �

Njþ1 þ Nj

� �
ð23Þ

and obtain a synthetic TEC value. This procedure
constitutes a complete three-dimensional model which

includes the aspect dependence of TEC perturbations, as
for example described by Afraimovich et al. [1992, 1998].

3.4. Results

[37] The synthetic TEC time series are filtered in the same
manner as the observed ones. We estimate unknown
parameters b, and C using a grid search algorithm in this
2-parameter space, evaluating the fit between observed and
modeled TEC time series with a chi-square function
defined as

c2 ¼
XM
i¼1

yi � y b;Cð Þ
si

� �2

ð24Þ

where yi is the observed value, y(b, C) the modeled value,
and si the measurement uncertainty of each yi for i = 1, . . .,
M, where M is the total number of individual TEC samples.
We chose for yi the envelope of the recorded data and for
y(b, C) the envelope of the modeled filtered TEC.
[38] Assuming a constant measurement error si = s =

0.0249 TECU, derived from the variance of the observed
TEC signal in the 2.2–8 mHz frequency range on 12 July in
the absence of the acoustic perturbation, we computed
uncertainties in the estimated parameters by calculating
the probability Q(c2, n) corresponding to each c2 value
for n = N � 2 degrees of freedom (since we have two
parameters). Q describes the probability that a particular c2

value is exceeded by chance. We find a maximum proba-
bility of 0.663 for b = 0.128 and C = 21 (Figure 9). Within
0.66 Q contour, we find that b may vary from 0.123 to
0.134, C from 19.4 to 22.6.
[39] Figures 10 and 11 compare the synthetic TEC

perturbation obtained using the best fit values for b, and
C with the observed signal for satellites PRN27 and PRN31
in the acoustic frequency band. The amplitude of the
synthetic perturbations matches well with the ones observed
in GPS TEC. Onset times are in good agreement between
synthetics and observed time series, and the observed
moveout is well reproduced. Initial oscillations in the
synthetic time series are however of smaller amplitudes
than observed.

4. Discussion

4.1. Frequency Content

[40] The frequency content of the acoustic TEC pertur-
bation recorded here is consistent with atmospheric pertur-
bations after other volcanic eruptions. For instance,
Kanamori and Mori [1992] report an atmospheric oscilla-
tion after the 1991 Pinatubo eruption with periods of 230 s
and 270 s (4.3 mHz and 3.7 mHz). Delclos et al. [1990] find
similar signals after the 1980 Mt. St Helens eruption, with
periods of 210 s and 330 s (4.5 mHz and 3 mHz). Using a
fluid dynamics approach, Kanamori et al. [1994] show that
these components are acoustic resonant frequencies deter-
mined by temperature inversions around 30 km and 100 km
height. This was further confirmed by Watada [1995] and
Lognonné et al. [1998], who computed normal modes of the
Earth-atmosphere system and showed that sources at ground
level excite atmospheric modes at resonant frequencies of
3.7 mHz and 4.4 mHz.

Figure 9. Grid search result in (C, b) space. All stations
and satellites PRN27 and PRN31 are taken into account.
Contours show c2 probability assuming a constant
measurement error of 0.0249 TECU. Values within the
0.66 contour correspond to uncertainty in the derived
parameters b and C.
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[41] The maximum energy of the observed gravity wave
(1.2 mHz, Figure 7) coincides with the arrival time of the
acoustic component. However, PRN31, for which data is
available for 1.5 hour before the explosion, shows a gravity
component preceding the explosion, whereas no acoustic
signal is yet present. The acoustic component is therefore
clearly linked to the explosion, while part of the observed
gravity component must be due to processes that predate the
explosion. A candidate process is the tsunami triggered by a
large pyroclastic flow that reached the ocean around
22:00 UT on 12 July [Mattioli et al., 2007]. Tsunami waves
are known to couple efficiently with the atmosphere in the

0.8–1.7 mHz frequency range and have been previously
recorded from GPS TEC data in Japan by Artru et al. [2005]
and modeled by Occhipinti et al. [2006]. Alternatively,
convective processes such as the ash plume from a volcanic
explosion are known to cause long-period gravity waves in
the ionosphere, as described theoretically by Townsend
[1966].

4.2. Dispersion Characteristics

[42] ‘‘Nondispersive’’ models for the propagation of
explosion-triggered acoustic waves predict arrival times
well [e.g., Warshaw and Dubois, 1981; Fitzgerald, 1997;
Heki, 2006]. The perturbation waveform consists of a
simple pulse (depending on the source function used,
generally a N wave), which matches the data well at least
at large distances from the source. However, these models
fail to explain the long duration oscillatory signal and
complex waveform recorded after large events or at short
distances to the source, such as the observations reported in

Figure 10. Synthetic (black) versus observed (gray) TEC
time series for PRN31, filtered between 2.2 and 8 mHz.
Synthetics were computed for a = 1 s, b = 124 � 10�3, and
C = 21.

Figure 11. Synthetic (black) versus observed (gray) TEC
time series for PRN27, filtered between 2.2 and 8 mHz.
Synthetics were computed for a = 1 s, b = 124 � 10�3, and
C = 21.
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this paper. Calais and Minster [1998] tried to explain the
oscillatory TEC signal triggered by a rocket launch by
invoking guided waves ducted by the temperature inversion
at 100 km altitude. Their approach produced oscillatory
TEC signals but failed to explain the dispersion visible in
the TEC spectrograms. Theoretical calculations [e.g.,
Landau and Lifshitz, 1959; Beer, 1974] do show that the
atmosphere is slightly dispersive at acoustic frequencies.
Since this effect is small (i.e., w � ck in equation (5),
resulting in a phase speed very close to the group velocity)
it is usually neglected in propagation models for TEC
perturbations. This simplification is justified for explosive
events of low energy (or recorded at large distances from
the source) because viscous strain quickly attenuates low-
amplitude wave trains below measurement noise. It does
not hold, however, for high-energy events, in particular
when observations are available from near-field stations, as
shown here.
[43] Considering the simplified model used here, syn-

thetic waveforms match the data reasonably well. The
fact that our model fails to reproduce the long-lasting
oscillatory tail observed in the data suggests a source
more complex than the simple N wave used here, perhaps
consisting of several pulses. Indeed, Mattioli et al. [2007]
used bore hole strain and seismic data with much higher
sampling frequency than the GPS TEC measurements
reported here to reconstruct the details of the dome
collapse. They show that although the peak in seismic
and strain energy is temporally aligned with the largest
explosion (as modeled above), significant dome collapse
continued well after 3:35 UTC. Unfortunately no near-
field pressure data is available at a sample rate high
enough to independently constrain the source function.

4.3. Acoustic Energy Release

[44] Once the model is calibrated and the propagation and
source parameters calculated, we compute the total acoustic
energy of the explosion by integrating energy density e = r
v(t)2 over the total model volume from the source up to
1000 km altitude and 1000 km radial distance from the SHV
and at each GPS sampling interval. The integration results
in an average value for the acoustic energy release of
Eacoustic = (1.53 ± 0.1) � 1010 J, where we have taken the
standard deviation over all energy values as the uncertainty.
[45] The only other attempt, to our knowledge, to derive

explosion energy from GPS-derived TEC perturbation was

by Heki [2006] for the 2004 eruption of the Asama volcano
in Japan. The author calculates energy using

Eacoustic ¼ 2pr2

rc

Z
DP2 tð Þdt ð25Þ

a relation commonly used in infrasound studies to compute
acoustic energy from barographic oscillations [e.g.,
Johnson, 2003]. The derivation of equation (25), however,
assumes spherical symmetry in the propagation of the
pressure pulse as well as constant mass density and sound
speed. These simplifications are appropriate in the lower
atmosphere but break down as the pressure wave propagates
to higher altitudes where ray bending becomes significant.
[46] As expected, equation (25) returns an acoustic energy

of 1.5 � 1010 J from model rays sampled near the source.
However, the energy estimated from equation (25) varies
between a maximum of 2 � 1010 J at 122 km (maximum
sound speed gradient) and a minimum of 0.3 � 1010 J at
1000 km (minimum density). At the F layer peak (maxi-
mum electron density), the energy calculated using equation
(25) is 0.75 � 1010 J, half of the value computed using the
ray-tracing model. Since Heki [2006] used equation (25)
(assuming that the TEC perturbations are proportional to the
relative change in ambient pressure at the height of the F
layer, 300 km in his case) and neglected geometric spread-
ing, his estimate of the acoustic energy released by the
Asama volcanic explosion is probably underestimated by
�50%.
[47] Estimates of energy release by volcanic explosions

based on seismic observations have been reported by
numerous authors but estimates of the corresponding acous-
tic component remain sparse. Pyle [2000, Table 1] provides
a summary of thermal and seismic energy for a number of
large volcanic explosions. We note, however, that Hedervari
[1963] showed that acoustic energy can vary as a fraction
from 1/100 to 1/1000 of the thermal energy. In Table 1 we
summarize the few values we were able to find for acoustic
and total energy from artificial and natural explosions. They
vary over a wide range, the lowest being the one reported by
Heki [2006], the largest the one reported by Woulff and
McGetchin [1976] for the 1883 Krakatoa eruption. Corre-
lation between acoustic energy and volcanic explosivity
index (VEI) is not simple, but we note that our estimate

Table 1. Explosion Energy Reported for Previous Eventsa

Event Date VEI Energy (1012J) Type Reference

Mine Blast 19 Jul 1996 6.3 total Calais et al. [1998]
Chemical Explosion 10 Jul 1993 8.5 total Massey et al. [1994]
Unzen Volcano 1991 1 280 acoustic Taniguchi and Suzuki-Kamata [1993]
Asama Volcano 01 Sep 2004 2 200 total Heki [2006]
Asama Volcano 01 Sep 2004 2 1.2 � 10�5 acoustic Heki [2006]
Soufrière Hills 2003 3 1.5 � 10�2 acoustic this publication
Pelee 1902 4 300 acoustic Woulff and McGetchin [1976]
Shiveluch 1965 4 140 acoustic Woulff and McGetchin [1976]
Tolbachik uknw 4 10�4 acoustic Johnson [2003]
Bezymianny 1956 5 3 � 103 acoustic Woulff and McGetchin [1976]
Krakatoa 1883 6 8.6 � 104 acoustic Woulff and McGetchin [1976]

aVEI is the volcanic explosivity introduced by Newhall and Self [1982]. VEI values where obtained from the Smithsonian Institution-Global Volcanism
Program (www.volcano.si.edu).
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for the 2003 SHV explosion fits within the range of
published values for explosions of similar magnitude.

5. Conclusions

[48] We have developed a technique to compute TEC
perturbations triggered by acoustic sources and applied it to
estimate the acoustic energy associated with the explosive
dome collapse of the SHVon 13 July 2003. Previous studies
of atmospheric acoustic waves triggered by earthquakes or
explosions have neglected the dispersion characteristics of
atmospheric perturbation. This simplification, justified for
explosive events of low energy (or recorded at large
distances from the source) does not hold for high-energy
events, as observed when data are available from near-field
stations. Accounting for dispersion of the acoustic pertur-
bations allows us to match the observed waveforms reason-
ably well. Further refinement of the source function,
accounting for a series of explosions rather than a single
impulsive event, may help improve the fit to the observed
perturbation. We show that the acoustic energy can be
estimated by matching observed an synthetic waveforms
and illustrate the importance of accounting for geometric
spreading when estimating source energy from GPS TEC.
[49] Our modeling approach includes a number of sim-

plifications. The raytracing part neglects winds as well as
temperature and density deviations from the MSIS-E-90
atmosphere model, which can have a significant impact on
the timing and propagation paths of atmospheric acoustic
waves [Argo et al., 1995]. However, the HWM-93 empirical
wind model [Hedin et al., 1996] yields a maximum wind to
sound speed ratio of only 10.9% at 255 km altitude over the
location of Montserrat and for the environmental conditions
at the time of the eruption.
[50] Localized turbulence or anomalous temperature gra-

dients may also cause a focusing or defocusing of the
acoustic rays. In those cases, rays may cross and cause
additional caustics, leading to unaccounted attenuation or
amplification of the acoustic waves.
[51] Thanks to the growing number of continuous GPS

sites all across the globe and the availability of data from
dense GPS networks, the method proposed here can be used
to quantify acoustic energy release by any source that
generates acoustic waves. Stacking raw observations from
a large number of GPS receivers [Calais et al., 1998] may
help lower the detection threshold and allow the study of
lesser magnitude events.
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15 of 15

B02202


