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Non-hypersingular boundary integral equations

for 3-D non-planar crack dynamics

T. Tada, E. Fukuyama, R. Madariaga

Abstract We derive a non-hypersingular boundary inte-
gral equation, in a fully explicit form, for the time-domain
analysis of the dynamics of a 3-D non-planar crack, lo-
cated in an infinite homogeneous isotropic medium. The
hypersingularities, existent in the more straightforward
expression, are removed by way of a technique of regu-
larization based on integration by parts. The variables are
denoted in terms of a local Cartesian coordinate system,
one of the axes of which is always held locally perpen-
dicular to the potentially curved surface of the crack. Also
given, in a fully explicit form, are the expressions for the
off-fault stress and displacement field, as well as the special
form of the equations for the case in which the fault is
planar.

1

Introduction

In seismology, numerical modeling of the dynamics of
rupture propagation on faults with a realistic geometry is
essential in the efforts to better understand the complex
nature of earthquake phenomena. However, numerical
analysis of rupture on non-planar faults has faced many
technical difficulties. In the present paper, we present a
new theoretical framework, based on the boundary inte-
gral equation method (BIEM), to describe the dynamics of
3-D cracks with arbitrary geometry, which is expected to
provide an important basis for future advances in the
practical numerical modeling of non-planar cracks.
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The BIEM has been extensively applied to various
classes of 2-D and 3-D crack-analysis problems (e.g. Bes-
kos 1997). According to the displacement discontinuity
method, which has produced the most successful results
to date, the stress field over the model space is expressed
as a convolution, in time and space, of the slip along the
crack and a set of integration kernels. Then a limiting
process is so applied that the receiver point approaches
the crack face, producing a set of boundary integral
equations (BIEs) that relate the traction on the crack
surface to the slip on it.

The traction BIEs, thus derived, are hypersingular, and
are not immediately amenable to numerical implementa-
tion. One of the most popular and successful methods to
circumvent the hypersingularities is the approach of reg-
ularization. This consists in rewriting, most often through
integration by parts, the hypersingular integrals in an
equivalent form which involves only weakly singular in-
tegrals, at most integrable in the sense of Cauchy principal
values.

The integration by parts technique allowed Sladek and
Sladek (1984) and Nishimura and Kobayashi (1989) to
derive a non-hypersigular BIE for 3-D non-planar cracks,
in the Laplace domain and the frequency domain, re-
spectively. These formulations, however, could deal only
with the transient response of stationary cracks. Later, an
alternative technique, based on path-independent conser-
vation integrals, was used by Zhang and Achenbach (1989)
and Zhang (1991) to derive regularized elastodynamic
BIEs for 3-D non-planar cracks, in the frequency domain
and the time domain respectively. However, it was not
evident how their BIEs could be implemented to non-
planar crack problems, because they were written in a
global Cartesian coordinate system, which does not nec-
essarily agree with the curved surface of the crack, on
which slip is defined.

Because of this disadvantage, these earlier BIEs for
the 3-D non-planar crack have been confined to con-
ceptual expressions, and they have been reduced to a
numerically implementable form only for the special
case of the planar crack. Numerical study of the dy-
namics of the 3-D planar crack has been conducted by
Zhang and Gross (1993), who used Zhang’s (1991)
equations, as well as in an independent work by
Fukuyama and Madariaga (1995, 1998), who used the
integration by parts technique. Meanwhile, there have
been alternative formulations of the elastodynamic BIEs
for the time-domain analysis of the 3-D planar crack.
Das’ (1980) pioneering formulation was based on the
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traction method, in which the displacement field was
expressed as a convolution, in space and time, of the
traction on the crack and a set of integration kernels.
Geubelle and Rice (1995) followed the displacement
discontinuity method, but they formulated their BIEs
based on a Fourier transform in space.

A recent study by Krysl and Belytschko (1999) illus-
trates an original method for a time-domain elastody-
namic analysis of a 3-D crack of arbitrary geometry, based
on the Element-Free Galerkin method which obviates the
need for re-meshing.

In the present paper, we enlarge Fukuyama and Ma-
dariaga’s (1998) integration by parts technique to derive,
for the first time, a non-hypersingular time-domain BIE
for the 3-D non-planar crack in a fully explicit form. In
order to represent the BIE in terms of the one opening
and two shear components of the slip on the crack
surface, we introduce a local Cartesian coordinate
system first used by Tada and Yamashita (1997). The
present article comprises: (1) the BIE describing the
traction-slip relation for the 3-D non-planar crack; (2) a
similar expression for the off-fault stress field, and its
special form for the planar crack; and (3) a similar
expression for the off-fault displacement field, and its
special form for the planar crack.

2

Representation theorem

We start from the representation theorem of elasticity that
expresses the elastic displacement field over the entire
medium in terms of the slip distribution along the crack.
Assuming that the medium is at rest with no slip for time
t < 0, and that the traction is continuous across the crack,
we have, for a crack located in an infinite homogeneous
isotropic elastic medium,

ur(x,t) = —/dS((’,‘)/drAui(é,‘c)ciqunj(g)
r 0

0
. 1
X = Gip(x,t — 1;€,0) (1)

where ui(x,t) is the displacement in the k-th direction
at receiver point x and time ¢, I' the crack surface, §
the source point on I', Au;(€, 1) the slip across the crack
in the i-th direction at location & and time t as defined
by the relative displacement of one (positive) side of I"
with reference to the other (negative) side, cjjp, the
elastic constants, and n(&) the unit vector normal to
the crack surface at location & pointing from the nega-
tive to the positive side of I" (Fig. 1). Gyy(x,t — 1;&,0)
is the displacement Green’s function, representing the
displacement in the k-th direction at receiver point x
and time f — 7 due to a unit force in the p-th direction
applied at source point & and time 0. Summation over
repeated indices is implied and J.,; denotes the Kro-
necker’s delta.

Equation (1) can be rewritten as

displacement

/u&x) normal vector
. n()
receiver point f

Au(§)

slip

r

source point
crack surface

Fig. 1. Nomenclature for symbols
uk(X7 t)
t
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r 0

(2)

where, if the medium is isotropic,
0
zij/k(x7 t—1 %7 0) = Ciquaka(xa t—1 ga 0)
q

= 200, Grp + 1(0;Gjx + 0;Gix) , (3)

with 4 and p being the Lamé constants, is the stress
Green’s function, representing the ij-component of the
stress at receiver point x and time ¢ — 7 due to a unit force
in the k-th direction applied at source point & and time 0.
The Green’s functions satisfy the equations of motion

0 o
GTCJ- Zijjk =P ) Gik (4)

with p denoting the density.
In the following, an abbreviated notation

0 0
0i=—, Au;;=—Au&,1 5
1 axi L aéj l(g ) ( )
will be used for partial derivatives with respect to space,
and time derivatives will be denoted by dots, especially by:

.0 02

Gj = G_ﬂGij(x’ t—1;€,0), Ai; = @Aui@, 7). (6)
Also, ¢; and cr are the P- and S-wave velocities respec-
tively. Roman subscripts are supposed to run over 1, 2 and
3, while Greek subscripts run over 1 and 2, and summation
over repeated indices will be implied wherever necessary.
Use is also made of the reciprocity relations

0 0

a—ékGij(x, t—1;€,0) = —a—ka,-j(x,t— 7;&,0) (7)
gG~~(x t—1;& 0)——EG“(X t—1;8,0) (8)
aT ) ) P} - 61‘ ) ) -2 .
3

3-D Green’s functions
For simplicity, we use notations

r=lx—E&|l, yi=x-&)/r 9)



for the length and orientation cosines of the source-re-
ceiver vector, and

CT U
p= G 42
The displacement Green’s function Gj is given by
G’J = 6,6]-] + 5,']'GT

or

(10)

(11)

Combining the symmetry relation (12) with the
equations of motion

CEZGT = (a% + 63 + 6§)GT
pZCEZGL = (a% + @% + @%)GL s
we obtain the identities:

3Gy = pler?Gr — (8 +03)(Gxs — Gr +Gr)  (21)

Gn=0J+Gr Gy =00 %G = ¢r°Gr +01(Gss — Gr) — (3] +8)Gr  (22) 615
Gn=0J+Gr G3 =001 , 12 iy
* ail ! G31 _ 6361§ ( ) 6§G22 - CTZGT + 6§(G33 - GT) - (a% + 6%)GT y (23)
Gas = 03] + Gr 2 which shall be utilized later in order to remove terms
with containing the derivative d3. Although alternative forms
f—rmte of these equations of motion are possible, we choose to
1 |1 use the specific form given by Eq. (21) through Eq. (23),
J= el / ds-so(t —t—r/cL —5s) because these render the final BIE in the simplest
o | r p
0 orm.
t—1—r/cr
/ ds - so( t—r—r/cT—s)} (13) 4
0 Planar crack
By way of introduction, we start with the simple case of the
Gr = Ampr 6(t —t—r/er) (14) planar crack. The representation theorem states that:
ul(x t /dS / d'C Au1213/1 + Au2223/1 + AU3233/1)

— / dS(&) / dr{Aul(,ualGn + ,u63G11) + Auz(uazG13 + /Ja3G12) + Au3 [/l@lGn + /162G12 + (i + 2,&)63(;13]}

1—2p?
= —,u/dS(F,) / dr [Au163(2611 - GT) + Auz . 263G12 + AU361 <2G33 — 2GT + pzp GL):|

(24)

for the elastodynamic case and

2
-1
Ji EpSnu r (15)
1
GT = 47‘[#7’ (16)

for the elastostatic case. Explicit forms of the Green’s
functions are given in Appendix A. Of particular impor-
tance in the present article is the linear combination

G, = G11 + Gy + G33 — 2Gr

pPo(t—t—r/cr)

(17)

4nur
for the dynamic case and
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Gy = Gy + Gy + Gz — 2Gp = P

(18)

4rur

in the static case.

/dr{Aul(u61G33 + 103G3)

nxn) = - [ st

—+ Au2 (,u62G33 -+ ,U63G23)

+ Au3 [/161 G13 + 26sz3 + (/1 + 2#)63G33]}

= —,u/dS / |: Aulf)l + Auzaz)(ZGg,g, — GT)

1—-2p?
+ Au30; <2G33 + 7 P GL):| ) (25)
where we made use of the symmetry relation (12). The
equation for u, is obtained by considering the symmetry
between the x;- and x,-coordinates. Accordingly,



1 — 2p?

1
o33(x,t) = ,u[ﬁﬁwg +

1—2p?
= —,U dS Au161 + Auzaz) 263 2G33 — GT + p GL

(alul + azuz):|

1—p? 1 -
— 4Au3(6f + 63) <G33 — Gr + PZP GL) +FCT2Au3GL:|

! 2 2
616 = — 1P / ds(g) / de [Aum - 205 <2G33 G+ _pfp GL> — Aus,, - 4aa<c33 _Gr 4l I;P GL)]
T 0

t
— 1t / ds(g) / drAiis I%GL : (26)
r 0

t

— 2 _
where Egs. (12), (20) and (21) have been used and in- Tu(s,t) = —u /dS(&)/d‘c [Auﬁvﬁa“(‘LG” 3Gr)
tegration by parts has been carried out, so as to prevent 0

—

hypersingular integrals from appearing in a later BIE. — Auy, 305G + Aum

With the limiting process x — s € I, 033 approaches the '

normal traction T3 across the crack at location s and .205( 2Gs3 — G + - 2P G,

time t:

T; (S, t) = 0'33(87 t) . (27) 2 2 : .

With the 3-D Green’s functions behaving as 1/r in the T Her /dS(i) / deAii,Gr . (29)
r 0

limit of r — 0, the integrals that involve the first-order
spatial derivatives of Gs3, Gr and Gy, are of the order of
1/r? as r — 0 and thus are integrable in the sense of
Cauchy principal values.

Likewise, making use of Egs. (12), (19) and (22) and
integrating by parts,

Equations Eqgs. (27) and (29) constitute a set of non-hy-
persingular BIEs for the 3-D planar crack that express the
traction in terms of the slip.

This is the theory underlying Fukuyama and Madari-
aga’s (1998) formulation. Substituting the explicit forms of

o31(x,t) = u(0yus + O3uy)

t

= _lu2 / dS(é) / dr{(Aulal + Au262)61 (4G33 — 3GT) + Aul[—(ﬁf + Gg)GT + C;ZGT]

r 0

5.2
+ Au3 . 26163 (2G33 -Gy + ! p22p GL> }

-2
= / / |:Auﬂ /;61 4G33 — 3GT) Aulﬁ . 6[;GT + Au_g’l . 263 <2G33 — GT + p p GL>:|

0

—1c;? [ dS(8) [ deAiinGr . (28)
[=e]

The tangential traction T; across the crack at location s is the Green’s functions into Eqgs. (27) and (29) and making
given by T (s, t) = g5 (s, t). This, along with a similar use of the following identity (Fukuyama and Madariaga
equation for T,, may be generalized to 1995; Appendix B to the present article):



1, . locally perpendicular to the crack surface (Tada and Ya-
/dS(&) ;A”i(g’ t—r/c) mashita 1997). This normal axis shall be denoted by x,,

r and the other two, locally tangential to the crack surface,
) Vo o - shall be named x; and x;, in such a way that (x,, x;, x;)
= 2mcAui(s, 1) — C/ ds(g) 7A”i,a(§a t—r/c) forms a right-handed system (Fig. 2). The choice of x, and
r x; has one degree of freedom corresponding to rotation.

(ifsel) (30) We also denote the unit vectors in the three orthogonal
directions by n, s and t respectively. The local and global

with coordinate systems are mutually interchangeable by
. transformation formulae including:
r=||s — g (31)
7 = (Si _ éi)/r 7 (32) Aui(a) T) = ni(g)Aun(gv T) + Si(&)Aus(ga T) 617

+ ti(8)Au (8, ) (37)

we eventually arrive at:

Ty(s, £) = —?"/ )22
I

1—2p /dS S Aus o (&t —r/cL) +— /dS i) = A3 (8.t —1/cr)

4ncr

\”a

dv - vAus (&, t — vr/cr) — %/ ds(g) &Aus (&t —r/cr)

—ZP—CTAu3(s, t) (33)

p
T.(s, ) :%" / as() / dv - vAug (&, ¢ — vr/er) +% / aS(8) % Aug (&, ¢ — r/er)
1

Tr r

4y / aS(E) 75 Aupp (8.t~ rfer) + g2 [ a2 Mgt~ r/er)

r
7 .
_ E/ dS(é’;)ﬁAuaﬁ(g, t—r/cr) — EA%(S’ t) . (34)
r
Equations (33) and (34) coincide with Eq. (A1) and Eq. (3) 0, = n;(§)0;, 0 =si(§)0;, 0 = t;(§)0; . (38)
(or (C21)) of Fukuyama and Madariaga (1998) respec-
tively. Y 8 P Gun = m(E)m(8)Gy Gy = si(&)1(2)Gy
G = 5i(8)5i(8)Gy G = ti(&)n;(8)Gy - (39)
Static case . . .. S . .
The elastostatic counterpart of Egs. (33) and (34) can be G = tl(&)tj(g)GU Gns n,(%)s](ﬁ)G,}
obtained by simply dropping the time dependence: This system of local Cartesian coordinates allows us to
u y formulate the BIEs in such a way that all the spatial
ne) =1 0-p) [a@SamE 69
r
Xn
_ 2\ Va | directi
Ty(s) = 47[ ds(g) |:(1 —2p )ﬁAuﬁ,/}(g) normal direction
r
surface
+28 Auy () (36)
2 o,f .

xt second tang

ntial directio

Our Eq. (35) coincides with Eq. (5) of Fukuyama and
Madariaga (1995), while our Eq. (36) is a simplification
over their Eq. (6).

5

. . X
Local Cartesian coordinate system first tangesntial direction

For the non-planar crack case, we define a local Cartesian
coordinate system, one of the axes of which is always held Fig. 2. Local Cartesian coordinate system



derivatives of the slip Au are those with respect to x, and with
x;. This constitutes an advantage over the use of the global (8
kl

coordinates (x;,x2,x3) as in Zhang (1991), since the slip

Au is defined only along the crack surface. bu(§
It should be noted that the symmetry relations (12), as 2

well as the equations of motion (19) through Eq. (23), hold cu(8) = [(1 —2p")/p"|0n + 26(8)11(8), (42)

true after replacing the indices 1, 2, 3with n, s, t respectively. dyi(&) = nx(§)s1(§) + sk(&)m(§)

Hereafter we use the subscript z which runs over n, s or ¢. ekl(g) = le(}’;) l‘l(&_,) + l‘k@)nl(g)

[(1 —2p)/p*10k + 2k (&) mi(§),
[(1 2P2)/P2]5kl + 25(8)s1(8),

6 Ju(8) = sk(€)u(8) + t(&)si(8) -

618 Non}-lplanar c'iaCk K h . Making use of the symmetry relation (12) and the equa-
I;ll the non-p anaillr 3_'D crack case, the representation tions of motion (19) through Eq. (23) and integrating by
theorem states that: parts, this can be rewritten as

t
uk(X’ t) - - / dS(g) / dTAui(évr)nj(a)zij/k(xv £ &n /dS /dT Aun nn/k + AuZ sn/k T Autztn/k)
0

r

- / dS(&) / dT[Aun(nann/n + Skznn/s + tkznn/t) + Aus(”kzsn/n + Skzsn/s + tkzsn/t)
r
+ Aut(nkz:tn/n + Skztn/s + tkztn/t)]
t

- / ds(z) / Aty {1k + 200)0uGon + 7205Gon + 70 Gor] + K[+ 201)0n G + 105Gs -+ 104G

r 0
t

T 1](4 4 20)00 G + 20Gog + 720,Ga]} — / ds(z) / Ao Aty (10 Gon + 105G

r 0
+ 5k (U0nGss + 10sGrs) + tr(U0n Gy + 10sGe)] + Atte[ni (01 Grn + 101 Gn) + Sk(10nGis 4 140; Grs)
+ tk(,uanGtt + ,uatht)]}

t

_2p2 942
=—u / dS(&) / dtAu, |:nk@n <2Gm, + 1}% GL) +(sk65 + l‘kat) (ZGnn —2G7 + 1 pzzp GL):|
r

0
t

_ / ds(&) / dr{(Atd, + Aud)nx(2Gum — Gr) + [Atssidn(2Gss — Gr) + Atitidn(2Ge — Gr)]
I 0
+ 2(Augti + Auesi)0,Gs} (40)

where we made use of the symmetry relation (12).
Accordingly,

oxi(X,t) = A0xOpttp + p(Ou; + Opuy)

t
2
= —,uz / dS(a) / d‘EAun{(aklan + d0s + ekla,)ﬁ <2Gnn + ! sz GL>
r

0

1—2p? 1—2p?
+ (dklan + bklas +fklat)as ZGnn - 2GT + Pz GL + (eklan +ﬁclas + Cklat)at ZGnn - 2GT + p2 GL

- :uz /ds(ﬁ) /dr[(AusaS + Autat)(aklan + dklas + eklat)(ZGnn - GT) + Aus(dklan + bklas +fklat)an(2Gss - GT)

+ Aug(ex0n + fuOs + ca0:)0,(2Gy — Gr) + 2(Ausers + Aurdig)050:(Gun — Gr) + 2(Ausfia + Autebyg)0,0:(Gss — Gr)
+ Z(AuSCkl + Autf-kl)anas(cn - GT)} 5 (41)




t
1
on(x,t) = — i / ds(€) / dr{ — aw(Auy, s0s + Au, +0;) (ZG,m —2Gr —|—p GL>
r

0

1 —2p?
+ [bklAun,sas + CklAun,tat +fkl(Aun,sat + Aun,tas)] (ZGnn - 2GT + pzp GL)

1 —2p?
+ Z(dklAums + eszu,,J)an 2G,, — Gr + p2 Gy

t
_ ‘u2 / dS(a) / dr{(Aus,S + Autvt)[aklan(ZG,m — GT) + (dklas + eklét)(ziG,m - 3GT)]
I 0
+ Aus,san[bkl(ZGss - GT) + chl(Gtt - GT)] + Aut,tan[ckl<2Gtt - GT)
+ 2bkl(Gss - GT)} + Aus,).‘ﬁclan (4Gss - 3GT) + A11t,sfklar1(4Gtt - 3GT)

t

— (Augdy + Awew)( 0+, 0)Gr} — 12z / ds(&) / defAiinayGy + (Aiisdy + Aiieq)Gr] . (43)
r 0
Defining the multiplying coefficients D,(s, &) = nx(s)zi(s)du (&)
A(s,8) = mi(s)zi(s)an(8) = ni(s)zi(s) (nx(8)si(8) + sk(§)m(8))
= 2m(8)z1(s)m(E)m(E) + [(1 — 2p*) /p*)oy  Bo(8:8) = muls)z(s)en(®) (44)
B,(s, &) = n(s)zi(s)bu(E) = ni(s)zi(s)(n(&)1(8) + (&) m(8))
N /2 Fy(s, &) = nk(s)zi(s)fu(8)
= 2n(s)zi(s)sk(&)si(8) + [(1 —2p )/P [0zn = ni(s)zi(s) (s () 1(8) + tx(§)s1(E)) |
Ca(s, &) = ni(s)zi(s)ci(8) we have, after taking the limit x — s € I, the following

= 2m(s)z1(8) 1 (E) () + [(1 — 2p)/p] 02 E?;Calzlz?licgttiléiZ—ca(;rgpt(i)nrlzntt: of the traction across the

T,(s,t) = nk(s)zi(s)owu(s, t)

t
1
=1 / ds(g) / dr{ — Az (Auy 05 + Auy 10;) <ZGnn —2Gr +I¥GL)
r 0

1 —2p?
+ [BoAuy 05 + Co AUy 10y + Fo(Atty s0; + Aty 105)] (zcm, —2Gr + pZP GL>

1—2p?
+2(D,Auy s + E; At )0, | 2Gun — Gr + Iz G

2 / ds(&) / dt{ (Attey + Aty )[40, (2Gyy — Gr) + (Dsds + Eo0,)(4Gyy — 3Gr) + 2B,0,(Gus — Gr)
I
+2C,0,(Gy — Gr)] + (Aus B, + Au ,C,)0,Gr + Aus 1 F,0,(4Gss — 3Gr) + Auy sF,0,(4Gy — 3Gr)

t
—(AusD, + AuE;)( 0+, at)GT} — 1 / ds(e) / dt[Aii,A,Gy + (Aii,D; + Aii,E,)Gr] . (45)
0
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The right hand side of this equation is non-hypersingular,
in that the integral terms involve at most first-order spatial
derivatives of G;;, Gr and G which behave as 1 /1? as

r — 0, and are hence integrable in the sense of Cauchy
principal values. Equation (45) is our non-hypersingular

Us.(&, 1) = (AussB, + Aus i C,)y,

UQZ(E,n T) = (AusDz + AutEZ)(7sVs +7t yt)

BIE for the 3-D non-planar crack problem, expressing the W, (&,7) = (Auss + Aur,) (A2 + B2 + Cp)? (48)
traction components in terms of the slip components. In /
the special case of the planar crack, it can be easily shown . ,
that (45) reduces to Egs. (27) and (29). + 2D27 s + 2Ez)u00) 7
Substituting the explicit forms of the Green’s functions
into Eq. (45), we finally have, after some algebra, + Z(Ausﬁtﬂ/f + Autysyf)FZyn
i P
T,(s,t) = — %/ dS(&)ﬁ/ dv - v[-30Wy, + 6Uy, — 6U,, — 36U, + 30W1o, — 18Us, — 6Us, — 12U7,](&,t — vr/cr)
T
r 1
1
_ ﬁ/ dS(g)ﬁ [_12W4Z + 2Ulz — 2U22 — 14U3z + 12W102 — 7U5z — 2U62 — 5U7z — ng + ng](g, t— T/CT)
r
_H 14 1 2 92 (1 — A2 _ ) 1942 2 2
yym S(&) 2 [12p* Wy, + (1 = 2p°)Ur, — (1 — 4p”) Uz, — 2(1 — 8p°) Us, — 12p*Wig, + 6p~Us, + 2p~Us,

T

4P (Bt — 1)) — K’“‘CT / dS(8)~ [~2Waz — 205 + 2Wio; — Uss — Ur. — Vs + Usel (&, ¢ — r/er)
I

u

47'CCT
T

KM
4ncd

Tr

[ a5() 188t~ rfcu)p?A, + (AiiD+ AiB) st = rfer)]

———p / ds(g) % 20 Waz + Utz — (1= 2p*)(Usz +2Us) — 29 Wioo) (8, £ — r/c1)

(46)

where

Uiz(&,7) = (Aupsys + Aupy,)A;
Uaz(&, 1) = Auy By, + Auy:Cry,

+ (Aupsy; + Aupyy)F; (47)
Us;(&,7) = (AunsD; + AuyE;),

Wi (&, 1) = (U, — U — 2U32)V31

are combinations of the spatial derivatives of the normal
(or opening) component of the slip and

USz(ga T) = (Aus,s + Aut,t)Aan
U62(€7 ‘E) = (Aus,s + Aut,t)(Bz + Cz)'))n
U7Z(§7 T) = (Aus,s + Aut,t)<DzV5 + Ezyt)

+ (Aus,t + Aut,s)Fan

are combinations of the spatial derivatives of the shear
components of the slip. In the special case of the planar
crack on the x;x,-plane, Eq. (46) reduces to a set of
equations equivalent to Eqs. (33) and (34).

Static case
The elastostatic counterpart of Eq. (46) may be obtained
by simply dropping the time dependence:

1
TZ(S) = _ﬁ/ds(&)ﬁb(l _pz)W4z +p2Ulz +p2U22
r

+2(1 — p*)Us, — 3(1 — p*) Wi, + (2 — 3p*) Us,
+ (1 = p*)Us; + (1 — 2p*) Uy, — Us, + Us,|(E) .
(49)

In the special case of the planar crack on the x;x,-plane,
Eq. (49) reduces to Egs. (35) and (36).

7

Off-fault stress field

The stress field outside the crack is expressed in a form
parallel to Eq. (46):



1
okl(s, t) = — i/ dS(%) ﬁ/ dv - V[—30W4kl + 6U 1 — 6Upk; — 36Usp; + 30Wig1 — 18Usp; — 6 Uk — 12U7k1}(§, t— VT/CT)

1

— %/ ds(g) 2 [—12Wyg + 22Uy — 2Uapy — 14U + 12Wiggy — 7Usit — 2Us — 5Uzi — Usir + Usia] (&, t — 1/cT)

T
a5t L (12p W 4 (1 — 20 U — (1 — 45 U — 201 — 8 Uy — 127

yy dS(E‘;) 2 [12p Wk + (1 2p )Ulkl (l 4p )Uzkl 2(1 8p )U3kl 12p° Wiok

r
+ 6p*Usys + 2p* Usia + 4p* Unil] (€, t — 1/c1) — —/ ds(g [ 2Wag — 2Usig + 2Wign 621
— Usi — Uspg — Usit + Usid] (E,t — 1/c1) — —P / ds(g [2P W + Una — (1 = 2p*) Uzt + 2Usn)
— 20" Wion] (&, t — 7/cL) — 4562 /dS(é) - [Aiin (&, t — r/cr)pPan + (Ailsd + Adiesr) (&, — r/cr)] (50)

T

r

where Wy, Uy and other similar symbols are defined by uscule ay;, by etc. Of interest here is the special form of
equations parallel to Eqgs. (47) and (48) where the subscript Eq. (50) for the planar 3-D crack lying on the x;x,-plane,
z should be replaced by kI and the coefficients in ma- which is given by:

juscule A,, B, etc. should be replaced by those in min-

P
1
O']](S,t):—g ds -

[ aste
-2 e
[ aste

dv - v[12Aus 17, (575 — 1) + 12Au, 475 (597 — 1)] (&, t — vr/cr)

——

4Auz 17, (675 — 1) + 4Auy,75(677 — 1) — 2Auy175] (&, t — r/cr)

H
47

ds

r
[
1
- 5[4 Aus 171 (675 — 1) + 2(1 = 2p%) A 7, — 2Auy 0751297y + 1 = 4p*)](8, £ — r/c1)

4ncT dS(&) [4Au3 1V1V3 + 4Au, %yy/l 200 175](§,t — r/cr)

r

~aner p/ds &) [—4p* Atks 17175 + 2(1 = 2p%) Aiba 57y — 2k 55 (2p%y1 +1 = 2p7))(§, £ = 7/c1)

4;;<1—mf{/da®rAaxat—rﬁm (51)

T
r

1
é)r—z/dv -v[6(Aus 1y, + AM372’))1)(5'))§ -1+ 12Au112y3(5yf -1+ 12Au211y3(5y§ —1)](&, ¢t —vr/cr)

r/d

—ﬁ!w@%
Jas@-
r

u
0'12(87 t) = _E

[2(Aus 1y, + Auzzy,) (675 — 1) + Aui oy (2497 — 5) + Auz 175 (245 — 5)(&,t — r/cr)
(

u
s — [ (Aus 1y, + Aus 29,) (12773 + 1 — 4p*) — 4p> Aun o5 (67F — 1) — 4p> Auz 175 (675 — 1)](&,t — 1/cr)
u

1 . . . .
- E ds(g) - [2(Au3 172 + At 27,)75 + Aty 273 (497 — 1) + A 173 (495 — 1)](§,t — r/cr)

4nch/dS —(Ati3 17, + Atis29,)(2p™95 + 1 — 2p%) — 4p* (At 277 + At 173)75) (&, t — /) (52)
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1
as1(s,t) = — ﬁ/ ds(€) ﬁ/ dv- v[lZAu3.1y3(5y§ —-3)+ 12Au“7uy1(5y§ —1)](& t —vr/cr)
I
1
- ﬁ / ds(g) 2 [2Aus175(1295 = 7) + Auey, (2475 — 5) + Aurey,] (&t —r/cr)
I
1
~ 2 [ 4@ 55 28 (127 + 1 89°) — 4pP s (673 D)(Est ~ 1/c0)
I
4nc dS(i) [ZAus 173(295 — 1) + Aty (495 — 1) + At oy, ) (&, t — r/cr)
I

. / AS(E) - [~2Ads 17,2974 + 1~ 29%) — 4P it )6 — r/cr)

- / aS(8) A (&, ¢ — r/ex) (53)
r

4
1
o33(s, 1) = — ﬁ/ ds(g) ﬁ/ dv - v[—12Au3 47,(575 — 1) + 12Au,,75(575 — 3)] (&, t — vr/cr)

el I (483, (672 — 1) + 2Au,75(125% = D&, £ — r/er)

47t
r
1
— - [ dS(8) 5 [48us,7,(6p™73 + 1 — 2%) — 280,,73(12%7} + 1 — 8p7)] (&, t — 7/c1)
I
ol [ a8(8) (4 + 28,2~ DIt r/er)
et

r

4m ——p / ds( i) [4Ai3 47, (P*95 + 1 — p*) — 244,475 (29795 + 1 — 2pP)| (&, t — 1/cy)

47rczT ds(i);Aiis(ét— r/c) . (54)
T

These equations were also derived by Aochi, Fukuyama and The special form of Eq. (55) for the planar 3-D crack lying
Matsu’ura (1999a,b). Asy; — 0, Egs. (53) and (54) reduceto on the x;x,-plane is:

equations equivalent to Eqgs. (34) and (33), respectively.

Other components, not listed here, may be obtained by o1 (s) = — / dS(é (1 — pH)Aus 1y, (1 = 393)
considering the symmetry between the coordinates x; and

X2.

. + (1 - ZPZ)A”S,ZVZ - (1 _Pz)Aua,aV3(l + 37}%)
Static case

The elastostatic counterpart of Eq. (50) may be obtained A 56
by simply dropping the time dependence: + Auz273)(8) (56)
u 1
ori(s) o12(s) = _47r/ ds(g)rj{Aus,l“/z [Pz - 3(1 —pz)vﬂ
r

1
= —4H/ dS(&) = [3(1 — p*) Wa + p* Unia + p* Ui
T r 2 21,2
T + Auz oy, [p7 = 3(1 = p*)y3)
+2(1 — p*)Usir — 3(1 — p*) Wignt + (2 — 3p*) Usig
+ (1 = p*)Usi + (1 — 2p*)Usig — Usit + Ugil] (E)
(55) +Auy 75 [1—2p* — 6(1 —p?)y3] } (&) (57)

+ Auy 5y, [1 - 2P2 —6(1 _Pz)Vﬂ



on(s) = — 2 [ dS(®) = (1 — p)Aus 1351 — 32)

4” r? where
+ 2(1 —pz)Aum«/l(l - 3“/%) Uik(§, 1) = Aupmiy,
— Auypy; + Auy2),](€) (58)

U]zk(a, ‘C) = Aun(skys + tkyt)

Y PR 1 .2
o33(s) = 2n (-r )l_/dS(é) r2 [ Ao, (1 + 3/3) Wisk(€,7) = (Unk + U12k)7’i = Aunyi"/k

+ Auyyys(1—373)] (59)  Ua(&,7) = Aug(miy, + siy,) + Aue(mey, + tey,)

As y; — 0, Egs. (58) and (59) reduce to Egs. (36) and (35), 623
respectively. Wisk(§,7) = (Ausys + Auy) v,k (61)

8

Off-fault displacement field

The displacement field outside the crack is obtained by
substituting the explicit form of the Green’s functions into
Eq. (40):

are combinations of the slip components. Of interest here
is the special form of Eq. (60) for the planar 3-D crack
lying on the x;x,-plane, which is given by:

1 1
Uk(S, t) = — E/ dS(é) r—z/ dV . V[30W13k — 18U11k — 6U12k + 30W15k — 6U14k](§, t— VT/CT)
r
1

1

i ds(g) ") [12Wi3x — 8Un1k — 2Unak + 12Wysg — 3Unak(§, t — 1 /cr)
T

1 1

i dS(&) [—12p* Wiz — (1 — 8p*)Urik — (1 — 4p*) Uy — 12p* Ws + 2p* Ui (€, — 1/cr)
I

~ s /dS(ﬁ [2Wisk — 2U1ik + 2Wisk — Uwal (&, t — 7/cr)

= dmer P/ ";) [ 202 Wisk — (1 — 2p*)(Unik + Unak) — 29 Wist] (&, t — 1/cr) (60)

dv- V[6AU3V1(5“/§ - 1)+ 6Au1y3(5yf — 1) + 30Auyy,y,75](&,t — vr/cr)

\'o

wis )= [ @)
r

1

1 1
= g [ 9@ 7 285y (67— 1)+ 38uiys (2 — 1) + 128wy 2 et )
r
_L d i —A 2,2 _ 2\ 2A N 2 _ 2A _
2 | 45&) 5 [=Ausy (12075 + 1 = 4p7) = 2p"Aunys (677 — 1) — 12p°Auzyy725] (8, £ — 1/ 1)
r

1 1 _ . .
e ds(8) [2Ad3y,72 + Aty s (292 — 1) 4 2A7,7,75) (&, t — r/cr)
r

47rch/dS A”3V1(2P2V§ +1-2p%) - ZPZAL"I%V% — 2p* Aty 7,75 (&, t — 1/cr) (62)
r
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D](&, ¢ —vr/er)

1
- / dS(8) 5 [~Ausys (126773 + 1 = 89%) = 29 A, (63 — D]t — r/ca)

p
1 1
us(s,t) = — E/ dS(i)ﬁ/ dv - v[6Ausy; (575 — 3) + 6Auyy, (575 —

T

1 1

- E/ ds(g) ) [4Auzy; (375 — 2) + 3Au,y, (495 — 1)](&, ¢ — r/cr)

T

1

4n
T

" dner dS(é’;) [ZAu3y3(/3 — 1) + Ay, (295 —

r
4n,cp / %) [—Aiay;(2p%75 +1 = 2p7)

D](& t—r/cr)

—r/c) . (63)

The component u, may be obtained by considering the
symmetry between the coordinates x; and x,.

Static case
The elastostatic counterpart of Eq. (60) may be obtained
by simply dropping the time dependence:

() = 5 [ 45(8) 5 B~ p)War + Ui

— P Unak + 3(1 — p*) Wisk + p* Uk (&) -

The special form of Eq. (64) for the planar 3-D crack lying
on the x;x,-plane is:

(64)

/ ds(& 3(1 — P*)(Auszys + Auyy, )y 7s
+p*(Aurys — Auszyp)](8) (65)
(s) = 5 [ AS(E) 5 (B + B ) @)
x [;(1 P +p (66)
9

Discussion and conclusion

In the present article, we have enlarged Fukuyama and
Madariaga’s (1998) integration by parts technique and
combined it with Tada and Yamashita’s (1997) local Car-
tesian coordinate system, to derive, for the first time, a non-
hypersingular time-domain BIE for the 3-D non-planar
crack in a fully explicit form. We have given not only the
BIE describing the traction-slip relation on the crack, but
also similar expressions for the stress and displacement
fields off the fault. Although we are not going to detail it in
this article, we have confirmed that, in the special case in
which the crack configuration is independent of one co-
ordinate, all the equations that we have derived reduce to
corresponding equations given in the Tada and Yamashita

(1997) paper on the 2-D non-planar crack theory. This
confirms the correctness of our algebra.

The present study completes the set of non-hypersin-
gular BIEM theory for crack dynamics, that is based on the
displacement discontinuity method, the time-domain re-
presentation and the integration by parts technique. In
practical implementation to non-planar crack analysis,
however, direct use of the non-planar crack equation is
expected to face many obstacles, not least the difficulty of
meshing the curved surface and the extremely complex
expression of the equation. This fact favors the approach
of Aochi, Fukuyama and Matsu’ura (1999a, b), who pro-
pose to numerically model 3-D non-planar crack dynamics
problems by approximating the curved crack surface by a
patchwork of small planar elements. In their approach, the
influence of slip on one planar element on the traction on
another element is to be evaluated by way of simpler
equations (51)-(54), which are special cases of the more
complicated equation (46) or (50).

In approximating a curved crack surface by a patchwork
of small planar elements, however, there is a point that
requires attention. The use of piecewise-constant inter-
polation is fairly common in the discretization of the slip
distribution on the crack surface. Tada and Yamashita
(1996) pointed out that, when a curved crack is modeled as
a series of smaller planar elements and when piecewise-
constant interpolation is applied to slip, slip “gets stuck” at
spurious joints of differently oriented elements and results
in a smaller expected slip than if the crack is modeled as a
series of curved elements that are smoothly joined. Seelig
and Gross’ (1997) modeling method, which they put to use
in the 2-D case, hints at one way to prevent spurious
suppression of slip in such a case. They numerically
modeled shear slip on a non-planar crack, in the same way
as they would have modeled a traction-free open crack that
was allowed to slip both in the shear and opening modes.
They then numerically penalized the negative opening
component of the slip, which would have meant material
penetration. If we follow their method and penalize both
positive and negative opening components of slip, this



approach can be used to model pure shear cracks, free from 0 1
the spurious suppression of slip at element joints. x T = dnur? —o(t—t—r/er)

Our present theoretical study thus marks a major step .
toward a more realistic 3-D numerical analysis of earth- ——0(t—1—71/ cT)] Vi (A4)
quake fault dynamics. With a view to future numerical cr
modeling, Aochi, Fukuyama and Matsu’ura (1999a, b) Q I T 3t —t—r/ct)
derived a set of discretization kernels for Egs. (51)-(54), Ox; L= 4n,ur2p L

or the stress components that would be expected in re- r .
sponse to a uniform slip of a unit slip-rate taking place - C_é(t —1—r/ CL)] Vi (A5)
during a unit length of time on a quandrangular fault t

patch of a unit area. These discrete kernels will be used
when one numerically analyzes the behavior of a 3-D non-
planar crack, approximating the crack by a patchwork of
small planar elements and based on the piecewise-constant Gi(x; &) =

for the elastodynamic case. In the elastostatic case, they
are

[(1— Pz)Vi“/j + (14 p%)d3) (A6)

approximation for the slip-rate. This or other sorts of  8mur
practical application of the 3-D non-planar crack dy- and
namics theory are much awaited, for a better under- 5
standing of the seismic rupture phenomena on faults with R T PR B 2 )
Complex geometry. @Tck gy 87'5/,1,7’2 3(1 p )ylyjyk (1 +p )ykél]
2 , by

Appendix A: 3-D Green's functions (1 =) (705 + 7;0i) (A7)
The explicit forms of the displacement Green’s functions i G — 1 =5 (A8)
of 3-D elasticity theory G;; and its first-order spatial deri- 9y; = 4mpur? Vi
vatives are: ) G 1 5 A9

o L—W(—P%’)- (A9)

1
Gij(x,t;&,1) = yi- {[I+6(t—1—1/cr)]dy
# Appendix B: Proof to Eq. (30)

+[-3I—-0(t—t—r/cT) Fukuyama and Madariaga (1995) derived their Eq. (D1),
) or (30) of the present article, in the following way. Define a
+po(t — T —r/c)lyiy (A1) 5p polar coordinate system (r, @) on the surface of a
with plane crack, with the origin at x and the moving radius

& — x. From the relation

p
I= /dv -vo(t — 1 —vr/cr) (aE) Aii(E t —r/c) = —y, <6i> Au; (&t —r/c)
1 T/ ot S t—r/c

s 1.
S / i 26(t — 1 — A7) —ZAiE t—r/c)  (Bl)
1/c, it follows that
1.
= ——CZT(;— i [-H(t—t—r/cr) + H(t —t—1/cL)] /dS(&);Aui@, t—r/c)
(A2)

2n

and :O/dq)/drAiii(F;,t—r/c)

0 1 0
a—XkGij:W{[lSI+65(t—r—r/cT) md N .
_6p25(t—r— r/cr) +CL§(t—r— r/cr) B _CO/ Pl £ - T/C)]rzo
T
r - 2n 00
Pt e /el ~c [ do [ dm, it - r/e)
+ [=31—28(t — v —r/cr) + p*o(t — 1 —1/cr) 0 0 !
. o ,. }

- Lg(t — 1 —r/en)|9idi = 2mcAu;(x, t) — c/ ds(g) E Au;(&,t — r/c)y? ,

cr r o
+[-3I—-5(t—t—r/cr) +p*S(t — v —r/cr)] (B2)

X (Viéjk + Vjéik)} (A3)  which was to be demonstrated.
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